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In this paper, we study the deformation and stability of a circular plate under its own weight and sup-
ported by a ﬂexible concentric ring. Both bilateral and unilateral supports are considered. Von Karman’s
plate model is adopted to formulate the equations of motion. A nonlinear Galerkin’s method based on two
sets of assumed functions is used to discretize and solve the governing equations. Vibration method is
used to predict the stability of the deformations. The linear analysis conducted previously predicts that
the deformation is always axisymmetric. The current nonlinear analysis, however, shows that the axi-
symmetric deformation may become unstable when the dimensionless load, i.e., a ratio between the
weight per unit area and the ﬂexural rigidity of the plate, reaches a critical value. At this critical load,
a stable non-axisymmetric deformation of the form cosnh emerges following a pitch-fork bifurcation,
where the integer n depends on the stiffness and the radius of the ring support. When the load increases
further, more than one stable non-axisymmetric deformation may coexist. In a stable non-axisymmetric
deformation with bilateral support, tension on the ring support may develop when the load reaches
another critical value. In this situation, the circular plate will separate from the supporting ring in part
of the angular region if the bilateral support is replaced by a unilateral one. The deformation with unilat-
eral support is in general larger than the one with bilateral support.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The deformation of a circular plate under transverse load can be
found in many books on plate theory, for example, see Timoshenko
and Woinowsky-Krieger (1959). The elementary theory employs
Kirchhoff’s plate model, which neglects the membrane strains
induced by bending deﬂection. This model simpliﬁes the governing
equation considerably and works remarkably well when the plate
deﬂection is small. The resulted equation is linear. Recently, Wang
(2004) used Kirchhoff’s model to calculate the axisymmetric defor-
mation of a plate supported by a rigid ring and subject to the action
of its own weight. However, it is not hard to ﬁnd that the deforma-
tion of the circular plate may not be axisymmetric in reality, in par-
ticular when the plate stiffness is small. We can cut a sheet of
paper in a circle and place it on the top of a ring support of small
radius. It is likely that the paper circle droops in a non-axisymmet-
ric form, such as the one shown in Fig. 1, instead of in an axisym-
metric manner. Apparently, Kirchhoff’s plate model is inadequate
in predicting this phenomenon. In order to predict the deformation
more accurately we have to take into account the membrane
strains induced by bending deﬂection. A theory of this kind is
called von Karman’s plate model, whose governing equations are
nonlinear.ll rights reserved.Closer inspection on the non-axisymmetrically drooping plate
in Fig. 1 also reveals that the deformed plate separates from the
support in part of the ring. This type of support is called unilateral
or tensionless, because it can exert compression onto the plate but
not tension. The static and dynamic analyses of a circular plate
resting on a homogeneous unilateral spring foundation under
periodic external loads can be found in Güler and Celep (1995),
Hong et al. (1999), and Celep and Güler (2007). In these works,
Kirchhoff’s plate model was adopted and only the axisymmetric
deformation was considered.
In a related problem of fabric drape simulation, the deformed
shape history of a piece of fabric under prescribed dynamic load
is wanted. Finite element method is the most commonly used tech-
nique (Eischen et al., 1996) for this purpose. Nonlinear iterative
algorithm using the concept of tangent stiffness must be adopted.
Another approach is to treat the draped textile fabric as a system of
particles interacting with each other (Eberhardt et al., 1996).
Recently, a more realistic fabric model taking into account the
three-dimensional arrangement of yarns was presented by Bruni-
aux and Ngoc (2006). These researches emphasize the numerical
algorithms used to solve a large number of nonlinear equations
and may be categorized in computer graphics as physically based
modeling of deformable bodies (Terzopoulos and Fleischer,
1988). To obtain the deformation of the object under a speciﬁed
loading, the simulation has to start from the zero-load state and
proceed by slowly increasing the external force. It was found that
Fig. 1. Photograph of a circular paper plate resting on a concentric unilateral ring
support. The circular plate deforms non-axisymmetrically in the form of cos2h
instead of an axisymmetric pattern.
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the ﬁrst load step. Therefore, the initial load step must be very
small to avoid divergence. Sometimes difﬁculties may arise when
limit or bifurcation points are encountered.
In this paper, we adopt von Karman’s plate model to investigate
the deformation of a full circular plate under its own weight and
resting on a ﬂexible ring support. The word ‘‘heavy” in the title is
to emphasize that the weight of the plate is the main source of
external loading, a term we borrow from ‘‘heavy elastica” (Wang,
1986). A nonlinear Galerkin’s method based on two sets of as-
sumed functions is used to calculate the plate deformation. Both
unilateral and bilateral ring supports are considered. The special
case of a rigid ring support is also discussed. The new phenomenon
which cannot be predicted by the linear Kirchhoff’s plate model is
of particular interest, such as the critical condition under which the
axisymmetric deformation buckles into a non-axisymmetric one.2. Equations of motion
We consider a circular plate with radius b supported by a ring of
spring with stiffness k on a smaller radius a. The plate is under the
action of a uniformly distributed transverse load (gravity) per unit
area p. Two types of spring support are considered in this paper,
i.e., unilateral and bilateral. For the unilateral support, the spring
support can sustain compressive force but not tension. On the
other hand, the bilateral support can sustain both compression
and tension. The equations of motion of the circular plate in terms
of transverse displacement w and stress function / can be written
as
qhw;tt þ Dr4w ¼ w;rr r1/;r þ r2/;hh
 þ r1w;r þ r2w;hh /;rr
 2 r1w;h
 
;r r
1/;h
 
;r  kwr
1dðr  aÞZðhÞ þ p
ð1Þr4/ ¼ Eh w;rr r1w;r þ r2w;hh
 þ r1w;rh  r2w;h 2h i ð2Þ
where (r,h) are polar coordinates. t is time. d() is the Dirac delta
function. It is noted that the transverse displacement w is measured
from the place when the gravity is absent and is positive in the
direction of the gravitational force. The parameters q, h, E, m, and
D are the mass density, thickness, Young’s modulus, Poisson ratio,
and ﬂexural rigidity of the plate, respectively. Z(h) is a dimension-
less contact function. For a bilateral ring support, Z(h)  1. For a uni-
lateral ring support, on the other hand, Z(h) is deﬁned as Z(h) = 1 if
w(a,h)P 0 and Z(h) = 0 if w(a,h) < 0.
In writing Eqs. (1) and (2) the effects of in-plane inertia, rotary
inertia, and shear deformation across the thickness of the plate areneglected. Stress function / is related to the membrane stress
resultants Nr, Nh, and Nrh by,
Nr ¼ r1/;r þ r2/;hh ð3Þ
Nh ¼ /;rr ð4Þ
Nrh ¼  r1/;h
 
;r ð5Þ
The above equations can be non-dimensionalized by introducing
the following dimensionless quantities (with asterisks):
t ¼ t
b2
ﬃﬃﬃﬃﬃﬃ
D
qh
s
; r; að Þ ¼ 1
b
ðr; aÞ; w ¼ w
h
; dðÞ ¼ bdðÞ;
/ ¼ /
D
; Nr ;N

h;N

rh; k
  ¼ b2
D
ðNr;Nh;Nrh; kÞ; p ¼ b
4p
Dh
ð6Þ
After substituting relations (6) into Eqs. (1) and (2), and dropping
the superposed asterisks thereafter for simplicity, we can rewrite
the equations of motion in the dimensionless forms:
w;tt þr4w ¼ w;rr r1/;r þ r2/;hh
 þ r1w;r þ r2w;hh /;rr
 2 r1w;h
 
;r r
1/;h
 
;r  kwr
1dðr  aÞZðhÞ þ p ð7Þ
r4/ ¼ 12ð1 m2Þ w;rr r1w;r þ r2w;hh
 þ r1w;rh  r2w;h 2h i
ð8Þ
The boundary conditions for w at r = 1 are
ðr2wÞ;r þ r2ð1 mÞ w;rhh  r1w;hh
  ¼ 0 ð9Þ
w;rr þ mr1 w;r þ r1w;hh
  ¼ 0 ð10Þ
The traction-free boundary condition Nr = 0 and Nrh = 0 at r = 1 can
be written as,
r1/;r þ r2/;hh ¼ 0 ð11Þ
r1/;h
 
;r ¼ 0 ð12Þ
Both w and / are required to be ﬁnite at the center r = 0. In the next
section, we describe the Galerkin’s method used to discretize the
equations of motion (7) and (8).
3. Galerkin’s method
In order to solve the coupled nonlinear equations (7) and (8), we
expand w and / in terms of assumed functions wmn and /mn as
follows:
wðr;h; tÞ ¼ cTðtÞ
p
þ 4cRCðtÞ
p
r coshþ 4cRSðtÞ
p
r sinh
þ
XM
m¼0
XN
n¼0
cmnðcÞðtÞwmnðcÞðr;hÞþ cmnðsÞðtÞwmnðsÞðr;hÞ
  ð13Þ
/ðr; h; tÞ ¼
XM
m¼0
X2N
n¼0
dmnðcÞðtÞ/mnðcÞðr; hÞ þ dmnðsÞðtÞ/mnðsÞðr; hÞ
h i
ð14Þ
where cT is the coordinate of the rigid-body translational mode. cRC
and cRS are the coordinates of the two rigid-body tilting modes.
wmn(c), wmn(s), /mn(c), and /mn(s) satisfy the equations
r4wmnðcÞ  a4mnwmnðcÞ ¼ 0; r4wmnðsÞ  a4mnwmnðsÞ ¼ 0 ð15Þ
r4/mnðcÞ  b4mn/mnðcÞ ¼ 0; r4/mnðsÞ  b4mn/mnðsÞ ¼ 0 ð16Þ
and the same homogeneous boundary conditions as w and / do.
Subscripts m and n represent the number of nodal circles and nodal
diameters, respectively. The assumed functionswmn(c), wmn(s), /mn(c),
and /mn(s) can be expressed in the following forms:
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where wmn(s) and wmn(c) can be interpreted as the bending vibration
modes of a free circular plate. It is noted that in Eqs. (13) and (14) all
the terms involving cm0(s) and dm0(s) should be ignored. The general
solutions of Rmn and Smn can be written in the forms,
Rmn ¼ A1JnðamnrÞ þ A2InðamnrÞ ð19Þ
Smn ¼ B1JnðbmnrÞ þ B2InðbmnrÞ ð20Þ
where Jn and In are the Bessel functions of order n. A1, A2, B1, and B2
are constants determined from the boundary conditions.
If only the deformations of the loaded plate are wanted, only the
cosine components are needed in Eqs. (13) and (14). This is
because the circular plate is axisymmetric before deformation.
However, when the vibration frequencies and mode shapes of a
non-axisymmetric deformation are needed, then both the sine
and cosine components in these two equations should be retained.
It is noted that in Eqs. (13) and (14) we use M + 1 radial func-
tions Rmn and Smn (m from 0 to M) for each n. In Eq. (13) for w
we use N + 1 modes in the circumferential direction for each m.
In Eq. (14) for / we use 2N + 1 modes in the circumferential direc-
tion for each m. This will become obvious when we go through the
discretization procedure later.
In solving the eigenvalues of /mn(c) and /mn(s) special care has to
be taken for the cases with n = 0 and 1. For the axisymmetric
modes with n = 0, the boundary condition equation (12) will be
satisﬁed automatically. To ﬁx the problem that we have only one
physical boundary condition for / in this case, we use a trivial con-
dition / = 0 at r = 1. It is noted that the stress resultants will not be
changed by adding any arbitrary constant to the stress function.
For the case with n = 1, Eqs. (11) and (12) will result in the same
equation, so again we use the trivial condition / = 0 at r = 1 to re-
place Eq. (12).
It can be proved mathematically and veriﬁed numerically that
wmn(c), wmn(s), /mn(c), and /mn(s) are orthonormal in the sense that,Z 2p
0
Z 1
0
wijðcÞwmnðcÞr drdh ¼ dimdjn;Z 2p
0
Z 1
0
wijðsÞwmnðsÞr dr dh ¼ dimdjn ð21ÞZ 2p
0
Z 1
0
/ijðcÞ/mnðcÞr dr dh ¼ dimdjn;Z 2p
0
Z 1
0
/ijðsÞ/mnðsÞr dr dh ¼ dimdjn ð22Þ
where dmn is the Kronecker delta symbol. It is noted that the bend-
ing vibration modes wmn(c) and wmn(s) are also orthogonal to the ri-
gid-body translational and tilting modes.
After substituting Eqs. (13) and (14) into Eq. (8), multiplying
both sides by /pq(c), and /pq(s), respectively, and integrating, we
obtain
dpqðcÞ ¼
XM
k¼0
XN
s¼0
XM
l¼0
XN
j¼0
cksðcÞcljðcÞW
ðc1Þ
pqkslj þ cksðsÞcljðsÞWðc2Þpqkslj
h i
ð23ÞdpqðsÞ ¼
XM
k¼0
XN
s¼0
XM
l¼0
XN
j¼0
cksðsÞcljðcÞW
ðs1Þ
pqkslj þ cksðcÞcljðsÞWðs2Þpqkslj
h i
ð24Þ
where p = 0,1, . . .,M, and q = 0,1, . . .,2N. The constants Wðc1Þpqkslj; W
ðc2Þ
pqkslj;
Wðs1Þpqkslj; and W
ðs2Þ
pqkslj can be calculated fromWðc1Þpqkslj ¼ A1cð1Þsjq þ A2cð2Þsjq ð25Þ
Wðc2Þpqkslj ¼ A1cð2Þsjq þ A2cð1Þsjq ð26Þ
Wðs1Þpqkslj ¼ A1cð2Þsqj  A2cð2Þjqs ð27Þ
Wðs2Þpqkslj ¼ A1cð2Þjqs  A2cð2Þsqj ð28Þ
where
cð1Þlmn ¼
Z 2p
h¼0
cosðlhÞ cosðmhÞ cosðnhÞdh ð29Þcð2Þlmn ¼
Z 2p
h¼0
sinðlhÞ sinðmhÞ cosðnhÞdh ð30Þ
A1 ¼ 12ð1 m
2Þ
b4pq
Z 1
r¼0
Spq Rks;rr r1Rlj;r  r2j2Rlj
 h i
r dr ð31ÞA2 ¼ 12ð1 m
2Þ
b4pq
Z 1
r¼0
Spq r2sjRks;rRlj;r þ r3sjðRksRljÞ;r
h
r4sjRksRlj

r dr ð32Þ
It is noted that the second index q of coordinates dpq(c) and dpq(s) in
Eqs. (23) and (24) goes from 0 to 2N. After substituting Eqs. (23),
(24), (13) and (14) into Eq. (7), multiplying by 1 (the rigid-body
translational mode), rcosh, rsinh (rigid-body tilting modes), wmn(c),
and wmn(s), respectively, and integrating, we obtain
€cT þ kcTp
Z 2p
0
ZðhÞdhþ 4akcRS
p
Z 2p
0
ZðhÞ sin hdh
þ 4akcRC
p
Z 2p
0
ZðhÞ cos hdhþ k
XM
m¼0
XN
n¼1
cmnðsÞRmnðaÞ
Z 2p
0
ZðhÞ sinnhdh
þ k
XM
m¼0
XN
n¼0
cmnðcÞRmnðaÞ
Z 2p
0
ZðhÞ cosnhdh pp ¼ 0 ð33Þ
€cRC þ akcTp
Z 2p
0
ZðhÞ cos hdhþ 4a
2kcRS
p
Z 2p
0
ZðhÞ sin h cos hdh
þ 4a
2kcRC
p
Z 2p
0
ZðhÞ cos2 hdhþ ak
XM
m¼0
XN
n¼1
cmnðsÞRmnðaÞ
Z 2p
0
ZðhÞ sin nh cos hdh
þ ak
XM
m¼0
XN
n¼0
cmnðcÞRmnðaÞ
Z 2p
0
ZðhÞ cos nh cos hdh ¼ 0 ð34Þ
€cRS þ akcTp
Z 2p
0
ZðhÞ sin hdhþ 4a
2kcRS
p
Z 2p
0
ZðhÞ sin2 hdh
þ 4a
2kcRC
p
Z 2p
0
ZðhÞ sin h cos hdh
þ ak
XM
m¼0
XN
n¼1
cmnðsÞRmnðaÞ
Z 2p
0
ZðhÞ sinnh sin hdh
þ ak
XM
m¼0
XN
n¼0
cmnðcÞRmnðaÞ
Z 2p
0
ZðhÞ cosnh sin hdh ¼ 0 ð35Þ
€cmnðcÞ þ KmnðcÞ ¼ 0; m ¼ 0;1; . . . ;M; n ¼ 0;1; . . . ;N ð36Þ
€cmnðsÞ þ KmnðsÞ ¼ 0; m ¼ 0;1; . . . ;M; n ¼ 1;2; . . . ;N ð37Þ
where
KmnðcÞ ¼ a4mncmnðcÞ þQmnðcÞ 2ppdn0
Z 1
0
Rm0rdr

XM
f¼0
XN
g¼0
XM
p¼0
X2N
q¼0
XM
k¼0
XN
s¼0
XM
l¼0
XN
j¼0
cfgðcÞcksðcÞcljðcÞW
ðc1Þ
pqksljK
ðc1Þ
mnfgpq
h
þcfgðcÞcksðsÞcljðsÞWðc2ÞpqksljKðc1Þmnfgpq þ cfgðsÞcksðsÞcljðcÞWðs1ÞpqksljKðc2Þmnfgpq
þcfgðsÞcksðcÞcljðsÞWðs2ÞpqksljKðc2Þmnfgpq
i
ð38Þ
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Z 1
0
Rm0rdr

XM
f¼0
XN
g¼0
XM
p¼0
X2N
q¼0
XM
k¼0
XN
s¼0
XM
l¼0
XN
j¼0
cfgðsÞcksðcÞcljðcÞW
ðc1Þ
pqksljK
ðs1Þ
mnfgpq
h
þcfgðsÞcksðsÞcljðsÞWðc2ÞpqksljKðs1Þmnfgpq þ cfgðcÞcksðsÞcljðcÞWðs1ÞpqksljKðs2Þmnfgpq
þcfgðcÞcksðcÞcljðsÞWðs2ÞpqksljKðs2Þmnfgpq
i
ð39Þ
The constants QmnðcÞ; QmnðsÞ; K
ðc1Þ
mnfgpq; K
ðc2Þ
mnfgpq; K
ðs1Þ
mnfgpq; and K
ðs2Þ
mnfgpq in
Eqs. (38) and (39) can be calculated from
QmnðcÞ ¼ kRmnðaÞ
XM
f¼0
XN
g¼0
RfgðaÞ cfgðsÞ
Z 2p
0
ZðhÞ sin gh cosnhdh
	
þcfgðcÞ
Z 2p
0
ZðhÞ cos gh cosnhdh


þ 4kaRmnðaÞ cRCp
Z 2p
0
ZðhÞ cos h cosnhdh
þ 4kaRmnðaÞ cRSp
Z 2p
0
ZðhÞ sin h cosnhdh
þ kRmnðaÞ cTp
Z 2p
0
ZðhÞ cosnhdh ð40Þ
QmnðsÞ ¼ kRmnðaÞ
XM
f¼0
XN
g¼0
RfgðaÞ cfgðsÞ
Z 2p
0
ZðhÞ sin gh sinnhdh
	
þcfgðcÞ
Z 2p
0
ZðhÞ cos gh sinnhdh


þ 4kaRmnðaÞ cRCp
Z 2p
0
ZðhÞ cos h sinnhdh
þ 4kaRmnðaÞ cRSp
Z 2p
0
ZðhÞ sin h sinnhdh
þ kRmnðaÞ cTp
Z 2p
0
ZðhÞ sinnhdh ð41Þ
Kðc1Þmnfgpq ¼ A3cð1Þgqn  A4cð2Þgqn ð42Þ
Kðc2Þmnfgpq ¼ A3cð2Þgqn  A4cð1Þgqn ð43Þ
Kðs1Þmnfgpq ¼ A3cð2Þgnq þ A4cð2Þqng ð44Þ
Kðs2Þmnfgpq ¼ A3cð2Þqng þ A4cð2Þgnq ð45Þ
where
A3 ¼
Z 1
r¼0
Rmn r1 Rfg;rSpq;r
 
;r  r2 q2Rfg;rrSpq þ g2RfgSpq;rr
 h i
r dr
ð46Þ
A4 ¼
Z 1
r¼0
Rmn 2gq r1Rfg
 
;r r
1Spq
 
;r
h i
r dr ð47Þ
Eqs. (33)–(35) also represent the global equations of motion by
treating the whole plate as a free body.
In static analysis the acceleration terms in Eqs. (33)–(37) can be
neglected. In the case of bilateral support, no separation between
the circular plate and the ﬂexible ring support occurs. We can set
Z(h)  1 and solve Eqs. (33)–(37) directly for the equilibrium
solutions.
In the case of unilateral support, Z(h) itself is an unknown func-
tion and Eqs. (33)–(37) must be solved by iteration. In the calcula-
tion, we increase the external load p incrementally and examine
whether there is tension in any part of the ﬂexible ring support.
If there is no tension in any part of the ring, then no separation be-
tween the plate and the ring support occurs. In this case, the calcu-
lation proceeds the same way as in the case of bilateral support. Ata certain load pwhen tension in the spring support is detected, Z(h)
has to be updated so that Z(h) = 0 in the angular region where ten-
sion is being detected. Z(h) remains 1 in the region where the
spring force is compressive. The terms in Eqs. (33)–(37) are re-cal-
culated based on this updated contact function and the updated
Eqs. (33)–(37) are solved for the new cT, cRC, cRS, cmn(c) and cmn(s).
From the new solutions we can determine a new contact function
Z(h). If the new contact function differs from the previous one, we
use the new contact function and repeat the procedure until the
contact function no longer changes. In the computer code, the dif-
ference in the new and old separation regions is set to be 106 for
convergence criteria. After convergence, we can move onto the
next external load.
In summary, we have (M + 1)(2N + 1) equations in the form of
Eqs. (36) and (37) after discretization. These algebraic equations,
together with Eqs. (33)–(35), can be used to solve for the (M + 1)
(2N + 1) + 3 unknowns cT, cRC, cRS, cmn(c) and cmn(s). The expressions
of Kmn(c) and Kmn(s) in Eqs. (38) and (39) are formidable as each con-
sists of eight looped summations in general. However, close
inspection of the system of equations reveals that these
(M + 1)(2N + 1) equations can be divided into two groups; (M + 1)
(2N) of them are in the forms Kmn(c)(n–0) = 0 and Kmn(s)(n–0) = 0,
and (M + 1) of them are in the forms Km0(c) = 0. The equations of
Kmn(c)(n–0) = 0 and Kmn(s)(n–0) = 0 are homogeneous and always
admit a solution cmn(c)(n–0) = 0. Therefore, there always exists an
axisymmetric solution.
On the other hand, the (M + 1) equations of the forms Km0(c) = 0
can be rearranged into the form,
Fðcm0ðcÞÞ þ GðcmnðcÞ; cmnðsÞÞ þ 2kcTRm0ðaÞ þ 2pkRm0ðaÞ
XM
x¼0
cx0ðcÞRx0ðaÞ
 2ppdn0
Z 1
0
Rm0r dr ¼ 0 ð48Þ
Every term in the group F(cm0(c)) contains only the coordinate cm0(c),
and can be expressed as the following:
Fðcm0ðcÞÞ ¼ a4m0cm0ðcÞ

XM
f¼0
XM
p¼0
XM
k¼0
XM
l¼0
cf0ðcÞck0ðcÞcl0ðcÞW
ðc1Þ
p0k0l0K
ðc1Þ
m0f0p0
n o
ð49Þ
The group G(cmn(c),cmn(s)) in Eq. (48) contains coordinates cmn(c) and
cmn(s), in which n can be zero or non-zero. More importantly, each
term in group G(cmn(c),cmn(s)) contains at least one cmn(c) or cmn(s)
with n–0. By substituting the solutions cmn(c)(n–0) = 0 and
cmn(s)(n–0) = 0 obtained previously, Eq. (48) can be reduced to
Fðcm0ðcÞÞ þ 2kcTRm0ðaÞ þ 2pkRm0ðaÞ
XM
i¼0
ci0ðcÞRi0ðaÞ
 2ppdn0
Z 1
0
Rm0r dr ¼ 0 ð50Þ
This implies that the axisymmetric solutions will not be affected by
the addition of non-axisymmetric assumed functions in expansions
(13) and (14).
4. Natural frequencies and stability
4.1. Bilateral support
The equilibrium conﬁgurations obtained from the foregoing sta-
tic analysis are not necessarily stable. In order to investigate the
stability of an equilibrium solution, we examine the response of
the system by slightly disturbing the equilibrium state. For bilat-
eral support, we set Z(h)  1 and express the coordinates cT, cRC,
cRS, cmn(c) and cmn(s) in Eqs. (33)–(37) as
Fig. 2. (wjr=1)max  wjr=0 as a function of the external load p for a ring support with
spring constant k = 104 and radius a = 0.2. The solid and dashed lines represent
stable and unstable solutions, respectively.
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cRCðtÞ ¼ cðsÞRC þ c^RC sinxt ð52Þ
cRSðtÞ ¼ cðsÞRS þ c^RS sinxt ð53Þ
cmnðcÞðtÞ ¼ cðsÞmnðcÞ þ c^mnðcÞ sinxt ð54Þ
cmnðsÞðtÞ ¼ cðsÞmnðsÞ þ c^mnðsÞ sinxt ð55Þ
The terms with superscript ‘‘(s)” are the equilibrium solutions, and
the terms with over-hat ‘‘^” represent the amplitudes of small har-
monic vibration. x is a natural frequency of the loaded plate. After
substituting Eqs. (51)–(55) into Eqs. (33)–(37) and linearizing with
respect to c^T ; c^RC ; c^RS; c^mnðcÞ and c^mnðsÞ, respectively, we obtain the fol-
lowing equations:
ð2kx2Þc^T þ 2pk
XM
m¼0
c^m0ðcÞRm0ðaÞ ¼ 0 ð56Þ
ð4ka2 x2Þc^RS þ kpa
XM
m¼0
c^m1ðsÞRm1ðaÞ ¼ 0 ð57Þ
ð4ka2 x2Þc^RC þ kpa
XM
m¼0
c^m1ðcÞRm1ðaÞ ¼ 0 ð58Þ
a4mn x2
 
c^mnðcÞ þ kRmnðaÞ
XM
l¼0
c^lnðcÞRlnðaÞ
Z 2p
0
cos2 nhdh
	 

þ 4dn1kaRmnðaÞc^RC þ 2kdn0RmnðaÞc^T

XM
f¼0
XN
g¼0
XM
p¼0
X2N
q¼0
XM
k¼0
XN
s¼0
XM
l¼0
XN
j¼0
cðsÞksðcÞc
ðsÞ
ljðcÞc^fgðcÞ þ cðsÞfgðcÞcðsÞljðcÞc^ksðcÞ
hn
þcðsÞfgðcÞcðsÞksðcÞc^ljðcÞ
i
Wðc1ÞpqksljK
ðc1Þ
mnfgpq
þ cðsÞksðsÞcðsÞljðsÞc^fgðcÞ þ cðsÞfgðcÞcðsÞljðsÞc^ksðsÞ þ cðsÞfgðcÞcðsÞksðsÞc^ljðsÞ
h i
Wðc2ÞpqksljK
ðc1Þ
mnfgpq
þ cðsÞksðsÞcðsÞljðcÞc^fgðsÞ þ cðsÞfgðsÞcðsÞljðcÞc^ksðsÞ þ cðsÞfgðsÞcðsÞksðsÞc^ljðcÞ
h i
Wðs1ÞpqksljK
ðc2Þ
mnfgpq
þ cðsÞksðcÞcðsÞljðsÞc^fgðsÞ þ cðsÞfgðsÞcðsÞljðsÞc^ksðcÞ þ cðsÞfgðsÞcðsÞksðcÞc^ljðsÞ
h i
Wðs2ÞpqksljK
ðc2Þ
mnfgpq
o
¼ 0
ð59Þ
a4mn x2
 
c^mnðsÞ þ kRmnðaÞ
XM
l¼0
c^lnðsÞRlnðaÞ þ 4dn1kaRmnðaÞc^RS

XM
f¼0
XN
g¼0
XM
p¼0
X2N
q¼0
XM
k¼0
XN
s¼0
XM
l¼0
XN
j¼0
cðsÞksðcÞc
ðsÞ
ljðcÞc^fgðsÞ þ cðsÞfgðsÞcðsÞljðcÞc^ksðcÞ
hn
þcðsÞfgðsÞcðsÞksðcÞc^ljðcÞ
i
Wðc1ÞpqksljK
ðs1Þ
mnfgpq
þ cðsÞksðsÞcðsÞljðsÞc^fgðsÞ þ cðsÞfgðsÞcðsÞljðsÞc^ksðsÞ þ cðsÞfgðsÞcðsÞksðsÞc^ljðsÞ
h i
Wðc2ÞpqksljK
ðs1Þ
mnfgpq
þ cðsÞksðsÞcðsÞljðcÞc^fgðcÞ þ cðsÞfgðcÞcðsÞljðcÞc^ksðsÞ þ cðsÞfgðcÞcðsÞksðsÞc^ljðcÞ
h i
Wðs1ÞpqksljK
ðs2Þ
mnfgpq
þ cðsÞksðcÞcðsÞljðsÞc^fgðcÞ þ cðsÞfgðcÞcðsÞljðsÞc^ksðcÞ þ cðsÞfgðcÞcðsÞksðcÞc^ljðsÞ
h i
Wðs2ÞpqksljK
ðs2Þ
mnfgpq
o
¼ 0
ð60Þ
It is noted that the natural frequency in Eqs. (56)–(60) only appears
in the form x2. Therefore, if all the x2 of a static solution are posi-
tive, then the equilibrium is stable. On the other hand, if any of the
x2 is negative, the equilibrium is unstable.
4.2. Unilateral support
In the case of unilateral support, the contact zone between the
plate and the spring support changes from instance to instance
during vibration. As a consequence, Z(h) is no longer a constantand the procedure described for bilateral support is not applicable.
To overcome this difﬁculty, we conduct a transient analysis on the
equations of motion. We ﬁrst artiﬁcially add damping terms
lT _cT ; lRC _cRC ; lRS _cRS; lmnðcÞ _cmnðcÞ; and lmnðsÞ _cmnðsÞ into Eqs. (33)–
(37), and use Newmark method (Hughes, 1986) to solve for the re-
sponse directly. In the calculation, we use the equilibrium solu-
tions cðsÞT ; c
ðsÞ
RC ; c
ðsÞ
RS ; c
ðsÞ
mnðcÞ; and c
ðsÞ
mnðsÞ as initial displacements. Small
non-zero _cT ; _cRC ; _cRS; _cmnðcÞ; and _cmnðsÞ are used as initial veloci-
ties. The damping factors are set to be 0.1. The marching time
increment is set to be 0.001. The contact function Z(h) in Eqs.
(33)–(37) is obtained from the previous time step. After each time
step, the contact function will be examined and updated. The inte-
grals in Eqs. (33)–(35) and the matrices Kmn(c) and Kmn(s) in Eqs. (36)
and (37) have to be re-calculated at each time step based on the
updated contact function. We expect the response to return to
the equilibrium solution following the velocity disturbance if it is
stable. On the other hand, if the response moves away and con-
verges to somewhere else, we conclude that the equilibrium solu-
tion is unstable.5. Numerical results and discussions
We ﬁrst deﬁne the deﬂection on the outer rim with maximum
amplitude as (wjr=1)max, which can be positive or negative. Fig. 2
shows the difference between (wjr=1)max and the deﬂection at the
center, i.e., (wjr=1)max  wjr=0, as a function of the external load p
for the case when the spring constant k = 104 and the supporting
radius a = 0.2. The number of modes are chosen to be M = 6 and
N = 8, which shows satisfactory convergence. The solid and dashed
lines represent stable and unstable solutions, respectively. For sup-
porting radius a = 0.2, Fig. 2 shows that the circular plate deforms
axisymmetrically when the load p is small. As p increases to 51,
denoted pð1Þcr , a pitch-fork bifurcation occurs and a non-axisymmet-
ric deformation emerges. Following the bifurcation, the axisym-
metric deformation becomes unstable, while the emerging non-
axisymmetric deformation is stable. The angular variation of the
stable non-axisymmetric deformation is in the form of cos2h, a
shape we observe in Fig. 1. The shapes of the stable axisymmetric
and non-axisymmetric deformations are also included in Fig. 2,
with the supporting rings being highlighted for reference. The
superscript ‘‘(1)” in pð1Þcr is to emphasize that this is the ﬁrst critical
load for a stable non-axisymmetric deformation to emerge. In the
Fig. 3. pð1Þcr and p
ð1Þ
se as functions of the spring constant k when a = 0.2.
Fig. 4. (wjr=1)max  wjr=0 as a function of the external load p for a ring support with
spring constant k = 104 and radius a = 0.4. The solid and dashed lines represent
stable and unstable solutions, respectively.
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tion. In some examples discussed later, there may exist more than
one stable non-axisymmetric deformation, and therefore more
than one critical load.
The readers are reminded that the shapes of the deformed plate
shown in this paper are magniﬁed for easy viewing. The actual
slope in the radial direction isw,rh/b. Von Karman’s plate theory re-
quires that the square of the actual slope is much smaller than 1.
Since the dimensionless radial slope w,r is of order 1, the results
presented in this paper satisfy von Karman’s theory’s requirement
on the magnitude of deformation as long as the thickness/radius
ratio of the plate is sufﬁciently small.
As p increases to 56, denoted pð1Þse , tension is detected in part of
the ring support. From this point on the unilateral and the bilateral
supports produce different deformations. As expected, the differ-
ence (wjr=1)max  wjr=0 for the unilateral support is greater than
the bilateral one. It is noted that there is another unstable deforma-
tion of shape cos3h emerging from the already unstable axisym-
metric solution locus. This deformation is of no practical value
and is kept in Fig. 2 only for the sake of completeness.
For the axisymmetric deformation, the plate is always in con-
tact with the ring support. For this case, the spring force
kwr1d(r  a)Z(h) in Eq. (7) can be replaced by a uniform ring load
 p2a dðr  aÞ. Although the displacement at the center of the plate
can be different for ﬂexible supports with different stiffness due
to rigid-body translation, the difference (wjr=1)max  wjr=0 as a func-
tion of the external load p is the same for all k. In other words, the
shape of the axisymmetric deformation is independent of the
spring constant k, excluding the rigid-body translation. In the spe-
cial case when the ring support is rigid and the effect of membrane
stretching on the bending deﬂection is neglected, the equilibrium
equations (7) and (8) can be simpliﬁed to a single linear equation
by letting /  0,
r4w ¼  p
2a
dðr  aÞ þ p ð61Þ
This equation has been solved analytically by Wang (2004) and the
result is plotted in Fig. 2 as dotted line for comparison. As expected,
this is a straight line and is tangent to the curved locus of nonlinear
solution at p = 0.
For a softer spring, for instance, k = 100, the stable cos2h-defor-
mation emerges earlier at pð1Þcr ¼ 38. In this case, no tension on the
supporting ring can ever be detected for any p. Therefore, the uni-
lateral foundation produces the same result as the bilateral foun-
dation does. For a harder spring, for instance, k = 106, the stable
cos2h-deformation emerges at pð1Þcr ¼ 53. More importantly, the
separation between the plate and the unilateral supports occurs al-
most immediately following the pitch-fork bifurcation. It is noted
that for k = 106 the deﬂection of the spring at pð1Þcr is in the order
of 105, i.e., the spring deﬂection is merely one-hundred-thou-
sandth of the plate thickness. From a practical viewpoint, a ﬂexible
support with k = 106 can be considered as a good approximation of
a rigid ring support. Fig. 3 shows the two loads pð1Þcr and p
ð1Þ
se as func-
tions of the spring constant k when a = 0.2. In this case, pð1Þse
approaches pð1Þcr when k is near and beyond 105.
For spring constant k = 104 and supporting radius a = 0.4, Fig. 4
shows that the axisymmetric deformation becomes unstable at
pð1Þcr ¼ 140. The stable non-axisymmetric deformation emerging
following the pitch-fork bifurcation is of the shape cos3h. The
pð1Þse in this case is 178. The deformations for bilateral and unilateral
ring supports are so close that they are not distinguishable in Fig. 4.
It is noted that the shape of the stable non-axisymmetric deforma-
tion emerging at pð1Þcr may change for different spring constant of
the ring support. For instance, for spring constant k = 200, the
non-axisymmetric deformation emerging from the pitch-fork
bifurcation is of the shape cos2h.From the cos2h-deformation for a = 0.2 and cos3h-deformation
for a = 0.4, it is natural to raise the question regarding whether it is
possible at certain radius a between 0.2 and 0.4 that the two stable
non-axisymmetric deformations cos2h and cos3h coexist. This sit-
uation does occur when a = 0.3 and k = 104, as shown in Fig. 5. The
axisymmetric deformation becomes unstable at pð1Þcr ¼ 93. The sta-
ble non-axisymmetric deformation emerging following the ﬁrst
pitch-fork bifurcation is of the shape cos3h. When p = 96, the
unstable axisymmetric deformation experiences another bifurca-
tion and an unstable cos2h-deformation emerges. This unstable
cos2h-deformation experiences two more bifurcations and
emerges ﬁnally as a stable cos2h-deformation at a second critical
load pð2Þcr ¼ 103. The details of these bifurcations are magniﬁed
and shown in the inset.
The coexistence of more than one stable non-axisymmetric
deformation is even more obvious for larger supporting radius,
for instance when a = 0.75 and k = 104, as shown in Fig. 6. The ﬁrst
stable non-axisymmetric deformation emerging at pð1Þcr ¼ 4440 is of
the form cos6h. Other non-axisymmetric deformations cos7h,
cos5h, and cos8h emerge subsequently later through a series of
pitch-fork bifurcations. Therefore, at p = 6000, there are a total of
four stable non-axisymmetric deformations in this case.
Fig. 5. (wjr=1)max  wjr=0 as a function of the external load p for a ring support with
spring constant k = 104 and radius a = 0.3. The solid and dashed lines represent
stable and unstable solutions, respectively.
Fig. 7. The relation between the critical load pð1Þcr and the radius a of a unilateral
rigid ring support. Different symbols represent different shapes of stable non-
axisymmetric deformations emerging from the bifurcation of the stable axisym-
metric deformation.
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ical load pð1Þcr , at which axisymmetric deformation becomes unsta-
ble and partial separation of the plate from a unilateral rigid ring
occurs, is found to be 53. Similar calculation can be conducted
for different supporting radius. Fig. 7 shows the relation between
the critical load pð1Þcr and the radius a for a unilateral rigid ring sup-
port. It can be seen that pð1Þcr increases almost exponentially with
larger supporting radius. In other words, it is easier for the circular
plate to deform non-axisymmetrically when the supporting radius
of the rigid ring is smaller. Different symbols in Fig. 7 represent
different shapes cosnh of stable non-axisymmetric deformations
emerging from the bifurcation of the stable axisymmetric deforma-
tion. Generally speaking, n increases from 2 to 8 when the radius
ratio of the ring support (over the plate radius) increases from 0
to 0.9.
6. Conclusions
In this paper, we study the deformation of a circular plate under
its own weight and supported by a ﬂexible concentric ring. Both
bilateral and unilateral ring supports are considered. Von Karman’s
plate model is adopted to formulate the equilibrium equations. AFig. 6. (wjr=1)max  wjr=0 as a function of the external load p for a ring support with
spring constant k = 104 and radius a = 0.75. The solid and dashed lines represent
stable and unstable solutions, respectively.nonlinear Galerkin’s method is used to discretize the equilibrium
equations. Vibration method is used to predict the stability of the
deformations. The linear solutions obtained previously are also in-
cluded for comparison. Several conclusions can be summarized as
follows.
(1) Linear analysis predicts that the deformation is always axi-
symmetric. Nonlinear analysis, however, shows that axisym-
metric deformation is stable only when the dimensionless
load, i.e., a ratio between the weight per unit area and the
ﬂexural rigidity of the circular plate, is small. When this load
reaches a critical value, a pitch-fork bifurcation occurs and
the axisymmetric deformation becomes unstable. In the
mean time, a stable non-axisymmetric deformation of the
form cosnh emerges from the bifurcation. The integer n
depends on the stiffness and the radius of the ring support.
When the external load increases further, more than one sta-
ble non-axisymmetric deformation may coexist.
(2) In a stable non-axisymmetric deformation with bilateral
support, tension on the ring support may develop when
the load reaches another critical value. In this situation,
the circular plate will separate from the supporting ring in
part of the angular region if the bilateral support is replaced
by a unilateral one. The deformation with unilateral support
is in general larger than the one with bilateral support.
(3) In the special case of a unilateral rigid ring support, the inte-
ger n in the cosnh-shaped deformation emerging from the
bifurcation of the stable axisymmetric deformation
increases from 2 to 8 when the radius ratio of the ring sup-
port (over the plate radius) increases from 0 to 0.9.References
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